We study asymptotic properties of periods and transient phases associated with modular power sequences. The latter are simple; the former are vaguely related to the reciprocal sum of square-free integer kernels.
For example, the unique x with (σ, τ ) = (1, 0) is x = 1. If (σ, τ ) = (2, 0), then x is a square root of unity; if (σ, τ ) = (3, 0), then x is a cube root of unity [1] . If τ = 0 (with no condition placed on σ), then x is relatively prime to n. Hence the number of such x is # x ∈ Z n : x k = 1 for some k ≥ 1 = ϕ(n) where ω(n) denotes the number of distinct prime factors of n and [1, 3]
More difficult examples appear in the following sections. As in [1], we make no claim of originality: Our purpose is only to gather relevant formulas in one place.
1. Generalized Idempotents 1.1. Bounded Transient Phase. If τ ≤ 1 (with no condition placed on σ), then the number of such x is [3] a(n) = # x ∈ Z n : x k+1 = x for some k ≥ 1 .
This is a multiplicative function of n and
Hence, by the Selberg-Delange method [1, 4, 5, 6] ,
as N → ∞, where
(the quadratic class constant described in [7] , divided by two). Joshi [8] obtained this result via a different approach and found an alternative formula:
If τ ≤ 2 (with no condition placed on σ), then the number of such x is [3] 
if r ≥ 3 and r ≡ 1 mod 2,
if r ≥ 4 and r ≡ 0 mod 2.
,
If τ ≤ 3 (with no condition placed on σ), then the number of such x is [3]
if r ≥ 4 and r ≡ 1 mod 3,
if r ≥ 5 and r ≡ 2 mod 3,
if r ≥ 6 and r ≡ 0 mod 3.
The pattern exhibited by A, B, C is clear and deserves proof for τ ≤ T , for arbitrary T . A different attempt [9] to determine the asymptotics of n≤N b(n) and of n≤N c(n) unfortunately turned out to be erroneous [10] .
1.2. Bounded Period. If σ = 1 (with no condition placed on τ ), then the number of such x is [11] 
we would like to deduce that n≤N u(n) ∼ U ·f (N) for some simple expression f (N). Unfortunately this is an unsolved problem. More details are found in section [2] .
If σ ≤ 2 (with no condition placed on τ ), then the number of such x is [11] v(n) = # x ∈ Z n :
we would like to deduce that n≤N v(n) ∼ V · f (N), where f (N) is the same expression as for σ = 1.
If σ ≤ 3 (with no condition placed on τ ), then the number of such x is [11] # x ∈ Z n :
The latter is a multiplicative function of n and 
we would like to deduce that n≤N w(n) ∼ W · f (N), where f (N) is the same expression as for σ = 1 and σ ≤ 2.
Note that w−u+v is not multiplicative since w(21)−u(21)+v(21) = 8−4+9 = 13 while w(3) − u(3) + v(3) = 2 − 2 + 3 = 3 and w(7) − u(7) + v(7) = 4 − 2 + 3 = 5. It would easily follow that n≤N (w(n) −u(n) + v(n)) ∼ (W −U + V ) · f (N), completing the case σ ≤ 3, if the nature of f (N) could be better ascertained.
1.3. Unbounded Period. Elements x of small period are apparently quite rare for large n. We will visit the other extreme. Consider, for example,
(the ceiling function is needed only for 1 ≤ n ≤ 2, beyond which ϕ(n) is always even). This is not a multiplicative function, but nevertheless can be simplified to
if n = p r , where p > 2 and r ≥ 1,
r , where p > 2 and r ≥ 1, n otherwise.
and the fact that p≤N p ∼ N 2 /(2 ln(N)) via the Prime Number Theorem [12, 13] , we deduce that
It would be interesting to replace ⌈ϕ(n)/2⌉ by more slowly-growing expressions and to see what asymptotic consequences arise.
Nilpotents
An element x of Z n is nilpotent if its power sequence S(x) is eventually zero. Define [14] z(n) = # x ∈ Z n :
Define also the square-free kernel κ(n) to be the product of all distinct prime factors of n. Clearly κ(p r ) = p for all r ≥ 1 and hence z(n) = n/κ(n) for all n ≥ 1. From
we would like to deduce that n≤N z(n) ∼ Z · f (N) for some simple expression f (N). Unfortunately, as discussed in section [1.2], this is an unsolved problem. De Bruijn [15, 16, 17, 18] proved that
and Schwarz [19] proved that
A more concrete rightmost factor would be good to see someday.
Primitive Roots
We have not mentioned the group Z * n (under multiplication) of integers relatively prime to n in this paper thus far. A well-known counting problem concerns the number [20, 21, 22, 23] 
th roots modulo n. Equivalently, g(n) is the number of generators of Z * n . Clearly g(n) > 0 if and only if Z * n is a cyclic group; further, g(n) = ϕ(ϕ(n)) if n = 1, 2, 4, q j or 2q j , where q is an odd prime and j ≥ 1, 0 otherwise.
Also define the reduced totient or Carmichael function [24] ψ(n) =    ϕ(n) if n = 1, 2, 4 or q j , where q is an odd prime and j ≥ 1,
which is the size of the largest cyclic subgroup of Z * n , and consider the number [20, 25, 26, 27] h(n) = # {x ∈ Z * n : σ(x) = ψ(n)} of primitive ψ(n) th roots modulo n. It is known that [28] n≤N g(n) ∼Ã (five-eighths of Artin's constant [7] ). A corresponding result for n≤N h(n) evidently remains open. The issue of the asymptotics of n≤N g(n) and of n≤N h(n) bears some resemblance to the periodicity problems discussed earlier.
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